New error bounds are given for approximate solutions of differential equations of th e form
Introduction and Summary
Recently [2] 1, [3] , I developed a uniform asymptotic theory of second-order linear differential equations with two coalescing simple turning points, and applied the results to the associated Legendre equation_ Subsequently, in the co urse of writing a paper on connection formulas for multiple turning points [4] it became clear how to effect some improvements in two of the four cases treated in [2] . The purpose of the present note is to describe these improvements. It will be assumed that the reader is familiar with the results presented in [2] , and the same notation will be used except where indicated otherwise.
The next section introduces new auxiliary functions for the solutions of the modified Weber equation. The new form of the general approximation theorem is stated and discussed in the third (and concluding) section.
An application of the results to the approximation of Whittaker functions with both parameters large will be published in due course.
Auxiliary Functions for the Modified Weber Functions
The modified Weber functions W (b,x) and W (b,-x) are solutions of the differential equation
As in [2] , §8.6 we denote by (J' (b) the smallest positive root of the equation In place of the definition [2] , (8.15) of the weight function E (b,x) , we now define
Then E (b,x) is continuous for all real values of b and x, and is also a nondecreasing function of x.
Using the above definition of E (b,x) we now define modulus and phase functions for all real values of b and x by the relations
Lastly, when a( b) ~ x < 00 we have 
Approximation Theorem
The following theorem replaces both Theorems III and IV of [2] . The definitions of E, M, and N are those just given in §2. 
has a continuous solution w (u,a,t)' with continuous first and second partial t derivatives, given by (3.2)
where In this result either the upper sign or the lower sign is to be taken throughout. Upper signs cor· respond to Theorem III of [2] , and lower signs correspond to Theorem IV of [2] . In both cases a numerically satisfactory companion solution to w(u,a,t) may be obtained by applying the theorem to the equation obtained from (3.1) by replacing , by -t. The proof of the theorem is similar to the proofs of Theorems I, II, III, and IV of [2] , and it is unnecessary to record details.
The new result simplifies the general theory by replacing two theorems by a single theorem. The main advantage, however, is that error bounds are now supplied directly for all real values of t. In contrast, Theorem III furnishes error bounds only for nonnegative values of t; compare [2] , §9.4.
Theorem IV, however, supplies error bounds for all real values of t, and a property of Theorem IV that is not shared by the new theorem is that it is possible to prescribe anywhere in the closure of (t1,t2) a reference point to at which .(u.a,t) and a£(u,a,t) l at both vanish. In consequence, it is conceivable that there may be applications in which Theorem IV is to be preferred. The new theorem should generally be used in place of Theorem III, however. It should be noted that although the structure of the error bounds (3.3) is independent of the choice of ambiguous sign in (3.1), (3.2), and (3.3), the asymptotic nature of the bounds as u ~ co differs in the two cases. This is in consequence of the results 
